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Introduction to Reverse
Mathematics



Reverse Mathematics Goal

Reverse Mathematics is concerned with the following main
question: which set existence axioms are needed to prove the
theorems of ordinary mathematics?

The idea of Reverse Mathematics leans on this observation of
Friedman: "When the theorem is proved from the right axioms,
the axioms can be proved from the theorem".
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Second Order Arithmetic

Research in Reverse Mathematics is carried out in the context
of subsystems of Second Order Arithmetic.

The language of second order arithmetic £; is a two-sorted
language: there is a sort for number variables and a sort for set
variables and the following extralogical symbols:

® constants 0,1;
¢ binary functions +, -;

¢ binary relations =, < between numbers and € between a
number and a set
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Arithmetical Hierarchy

Definition
The arithmetical hierarchy is the following classification
of £o-formulas without set quantifiers.

¢ A formula with only bounded number quantifiers is
28 or Hg.

* If ¢ is XY for some 7, then the formula VX is I10 Lo

o If ¢ is I19 for some 1, then the formula ¥ is 22 41

¢ If pis X0 and 19 for some 7, then the formula is AY.
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Set Existence, Bounding and Induction

Definition
For each family I' of £>-formulas, IT" is the scheme of ax-
ioms

(¢(0) AVx (p(x) = p(x +1))) = Vx (p(x))

where ¢(x) € T
On the other hand, I'-CA is the scheme of axioms

IXVx(x € X <> ¢(x))

where X is not free in ¢(x) and ¢(x) € T.
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Full Second Order Arithmetic

Full second order arithmetic is the theory with algebraic
axioms for the basic properties of natural numbers, II" and
I'-CA where I coincides with the set of all £,-formulas. Such
theory is denoted by 7.

Subsystems of second order arithmetic are built weakening the
induction and/or comprehension axioms of Z,.

The systematic search for the subsystems of second order
arithmetic which are sufficient and necessary to prove
theorems of ordinary mathematics, was started by Harvey
Friedman around 1970 and pursued by Stephen Simpson and
many others.
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Big Five

The most important subsystems are known as the big five:

@ RCA(: basic algebraic axioms, IZ? and A%-CA;

® WKLy: RCAg + Weak Konig’s Lemma;

® ACAj: RCAg + comprehension for all arithmetical formulas;
O ATRgy: ACAq + arithmetical transfinite recursion;

® 11}-CAy: RCAp + IT}-comprehension.
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7,00 of Reverse Mathematics

In 1995 Seetapun showed that Ramsey Theorem for pairs and
two colors RT3 does not imply ACA,. It was already known
that WKL, does not prove RT%. In 2012 Liu showed that RT3
does not imply WKL,.

Afterwards, many statements provable in ACA(, unprovable in
RCAp, and not equivalent to either ACAy or WKL, have been
discovered.

This phenomenon became known as the Zoo of Reverse
Mathematics.
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Introduction to Dimension
of Posets



A poset is a set X together with a binary relation < transitive
and irreflexive. Sometimes the relation is asked to be transitive,
reflexive and antisymmetric.

Letx |yifandonlyifx #y,x Ayandy 4 x.

A linear order is a poset in which any two distinct elements are
comparable. A linearly ordered set is also called a chain.
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Dimension

Definition
Let (X, <) be a poset and let L be a family of linearizations.

We say that L realize (X, <) if ()L =<. The dimension of
(X, <) is the least cardinality of a realization of (X, <).

A chain has dimension 1 while an antichain has dimension 2.

We will focus on posets of finite dimension. In fact, when we
deal with subsystems of second order arithmetic, we work with
countable posets whose dimension is at most countable. Since
we are interested in upper bound theorems, the finite
dimensional case is the interesting one.
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Dimension always exists in RCAg

Theorem (RCAy) [Szpilrajn]

Every poset can be extended to a linear order.

Proposition (RCAg)

For each (X, <), there exists a set {<, : n € N} of lin-
earizations such that for each x,y € X x < y if and only if
x <l y for every n € N.

Thus in RCA( any poset has a dimension.
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The poset F,

One may wonder if, for any 7, there is a poset of dimension 7.
This is the case: the poset below has indeed dimension 7.

Definition

Letl <n e Nand F, = {a;,b; : i < n}. We equip F, with
the relation a; < b; whenever i # j.

bo by ..by_y by 4

ag A1 ...Apn—2 Ap_1

For simplicity, we will refer to such poset simply by F,.
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Bounding Theorems

We are interested in studying the strength of some bounding
theorems from the point of view of Reverse Mathematics.

® DB,: for each (X, <) and each xp € X,
dim(X, <) < dim(X \ {xo}, <) + 1.

® DBc,: fixed n > 0, for each (X, <) and each pairwise
incomparable and disjoint chains C; C X fori < n,
dim(X, <) < dim (X \ (Ui, C) , <) + max{2,n}.

The abnormal case is DBc;.
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DBc; is optimal

Consider F,; and the chain C = {a,,b,41}. The poset
F,42 \ Cis a copy of F,1; with the extra relation a,, < b,.

It is provable that the dimension of F,., \ C is n. Hence
dim(Pn+2 \ C) =n-= dim(Fn+2) — 2.
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DBc;, is optimal

Consider F,, 12, Co = {ay41,bn} and C1 = {a,, by4+1}. The
poset F,12 \ (Co U Cy) is exactly F, so its dimension is 7.
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DBc;, chains must be incomparable

Do the chains in DBc; really have to be incomparable?

Consider Fs5, Cy = {ag,b1} and C; = {ap,b3}. The poset
F5\ (CoUCy) looks like F3 plus two extra comparabilities.

by by Dy

aq az Aay

The poset Fs \ (Co U C;) has dimension 2. Therefore we
have that dim(F5 \ (CO U Cl)) =2= dim(F5) —3.

. J
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A weaker Bound

We can state a weaker bound without the requirement of
incomparability of the chains.

Fixed n for each poset (X, <) and each family of pairwise
disjoint chains C; C X fori < n,
dim(X, <) < dim(X\ (U, Ci), <) + 2n.

Notice that such bound is obtained applying n times DBc;.
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The weak Bound is optimal

Consider Fg, Co = {ap,b1} and C; = {ay,b3}. The poset
Fe \ (CopUCq) looks like Fy plus two extra comparabilities.

bo by by bs

a; az a4 Qas

The poset F¢ \ (Co U C1) has dimension 2. Therefore we
have that dim(F6 \ (CO U Cl)) =2= dim(Pé) —4.
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DBc,, is optimal

Consider Fs5, Cog = {bp}, C1 = {b1} and C; = {by}. The
poset F5 \ (Co UCq U Cy) has the following form:

bs by

Qp A1 Az a3 Q4

It can be proved that the dimension of F5 \ (Co U C; U Cp)
is 2. Therefore dim(Fs5 \ (CoUC1 UCy)) = 2 = dim(F5) — 3.

. J

The previous example can be modified to prove that DBcj, is
optimal: it suffices to consider F,».
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Reverse Mathematics of
Bounding Theorems



Preliminary Lemmas

Lemma (RCA() [Cholak, Marcone, Solomon]

The following are equivalent:
© WKLy;
® every acyclic relation extends to a partial order;

® every acyclic relation extends to a linear order.

Lemma (WKLp)

Let (X, <) and let Cp,C; € X be incomparable and dis-
joint chains. There exists a linear order (X, <) extending
(X, <) such that for each x € X, cyp € Cp and ¢; € Cy, if
x | ¢o then x <1 ¢o while if x | ¢; then c; < x.
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For each n WKLy + DBc,,

Using the previous Lemmas it can be shown that, for n > 2,
WKL, proves DBc,,. DBc; is obtained by DBc, considering an
empty chain.

Next we want to prove our main result: that WKL is necessary
for DBcy and DBc;.
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Theorem (RCAp) [Marcone, V.]

The following are equivalent:
@ WKLy;

@ for each (X, <) and each Cy, C; C incomparable and
disjoint chains,

dim(X, <) < dim(X \ (CoU Cy), <) + 2;
©® for each (X, <) and each chain C C X,

dim(X, <) < dim(X \ C), <) + 2.

The interesting direction is 3 = 1.
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3 = 1 Sketch of Proof 1

Let f, g be 1-1 functions with disjoint ranges: we want to show
that there exists a separator set A. Let

X ={x',y 11 € N}U{cj,dj :j<3,re N}U{pj, g7 :j <3,5 € N}.

We define a partial order < on X. For each n € N we construct a
layer X, which, if n ¢ ran(f) U ran(g), is an antichain consisting
of x* and y".

Otherwise...

28/37 Reverse Mathematics and Dimension of Posets



Sketch of Proof 2

.. if f(r) = n then X, is a copy of F4 with x" = ag and y" = by

y*tdy di d;

xn

¢ 1 ¢
and if g(s) = n then X,, is a copy of F4 with y" = gy and x" = by.

x"qy 47 q;

y" py pi D2
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Sketch of Proof 3

Let C = {c},d},p3,95 : s, € N} which is a chain.
We consider the poset (X \ C, <). If n € ran(f) Uran(g) then
X, \ C has one of the following forms:

y* dy di x" q5 q;

n

Tr T n S S
X" €y C Y Po P2

It can be proved that dim(X \ C, <) = 2.
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Technical Lemma on F,,

By 3 dim(X, <) < dim(X\C,<)+2=4.

We fix a realization <j, <ij, <i3, <} of (X, <). For each n,
<5 %0 <7 I <5 1%, <5 [x,, realize (X, <).

The next Lemma is useful.
Lemma (RCAy)

For each set of linearizations <, . . ., <l,_1 that realizes F,
and each k < n there exists exactly one i such that by <; a.
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Conclusion of the Proof

The previous Lemma ensures us that if n € ran(f) then

| {i<4:y" <’ x"} |=1andif n € ran(g) then

| {i<4:y" < x"} |=3.If n ¢ ran(f) Uran(g) we only know
that 1 <| {i <4:y" < x"} [< 3.

For each n, we say that n € A if and only if
| {i <4:y" < x"} |= 1. We notice that A separates ran(f) and
ran(g) and is £ definable, so RCA( proves its existence.
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Further Work



Preliminary Lemma

We recall DB,: for each poset (X, <) and each xj € X,
dim(X, <) < dim(X \ {xo}, <) + 1.

The next Lemma is called the Linear Separation Lemma (LSL).

Lemma (RCA,) [Fiori Carones, Marcone]

Let (X, <) be a linear order and let I, F C X such that for
eachi € I and eachf € F,i <f. Then there exists an initial
interval B C X such that C Band FN B = 0.
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An Attempt for DB,

Fix ng € w.

Theorem (RCAp) [Marcone, V.]

For each (X, <) and each xp € X, if dim(X \ {xo}, <) = no
then dim(X, <) <ng + 1.

We fix a realization <, . .., <lp,—1 of (X \ {x0}, <) and we define
the S sets [ = {x:x € XAx <xp}and F = {x:x € X Axp < x}.

Thanks to LSL, for 0 < i < ny we extend <; to X, while we use
<o to generate two linearizations of (X, <). Finally it is proved
that these 1y + 1 linearizations realize (X, <).
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Next Ideas

Since the proof of LSL is not uniform, we cannot use it an
arbitrary number of times. Hence the previous proof works
only for a fixed 1y and does not apply to any poset.

Fiori Carones and Marcone showed that DB, is provable both
in WKL and in IX and recently we improved the result
showing that I suffices. Our conjecture is that DB, is
equivalent to the disjunction WKLyVIE).

Another open questions that we are currently approaching is
whether for each n DBc,, implies WKL(. Recently we solved the
case DBc3 but we are still working on the other cases.
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Thank you for your
attention!
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